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Abstract: Let K = Q(
√
mn,
√
dn,
√
d1m1n1`) be an octic field. If K is monogenic
and a quadratic subfield Q(
√
d1m1n1) of K and a quartic subfield Q(
√
mn,
√
dn)
are linearly disjoint, then K coincides with the field Q(
√−1,√2,√−3), namely K
is equal to the cyclotomic field Q(ζ24) [MN]. In this paper, we determine an explicit
integral basis of an octic field. Next, we prove that certain real octic fields K are
non-monogenic slightly, but essentially generalizing the conditions in Theorem 0
[MN].
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§1. Introduction
Let K be an abelian field whose Galois group is 2-elemetary abelian. If [K : Q] ≥
16, then K is non-monogenic, i.e., the ring ZK of integers in K has no power integral
basis by virtue of the decomposition theory of a prime number (Lemma 1, [SN, MNS],
[W]). Then by [GT] in the case of [K : Q] = 4, it is enough to investigate the field
K = Q(
√
mn,
√
dn,
√
d1m1n1`), where d = d1d2, m = m1m2, n = n1n2, mn ≡ 3, dn ≡
2, d1m1n1` ≡ 1, d2 ≡ 2 (mod 4), d1, m1, n1 ≥ 1 and dmnl is square free. In this article,
we consider the fields K whose Galois groups are 2-elementary abelian. Since K is non-
monogenic for [K : Q] ≥ 16 and by the work [GT] of M.-N. Gras and F. Tanoe´, we may
consider the case [K : Q] = 8 for d1m1n1` ≥ 1. Let k and L be a quadratic subfield
Q(
√
d1m1n1) and a quartic subfield Q(
√
mn,
√
dn) of K, respectively. Then in the case
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2 On Integral Bases of Certain Real Octic Abelian Fields
of d1m1n1 = 1, namely, k and L are linearly disjoint, such any field K = kL is non-
monogenic except for the cyclotomic field Q(ζ24) of conductor 24 [Theorem 0]. First, we
will show an integral basis of the ring ZK over the ring Z of rational integers [Theorem
1]. Next, we will give a sufficient condition by which K is non-monogenic [Theorem 2].
Then we will claim that certain real 2-elementary abelian fields have no power integral
basis, which are not contained in [MN].
Lemma 1([SN]). Let ` be a prime number and let F/Q be a Galois extension of degree
n = efg, where e is the ramification index and f is the relative degree of ` with respect to
F/Q. If one of the following conditions is satisfied, then F is non-monogenic :
(1) e`f < n if f = 1;
(2) e`f ≤ n + e− 1 if f ≥ 2.
Theorem 0([MN]). Let K be a 2-elementary abelian extension Q(
√
mn,
√
dn,
√
`),
where mn ≡ 3, d ≡ 2, ` ≡ 1 (mod 4) and dmn` is square free. Then a field K is monogenic
if and only if Q(
√−1,√2,√−3) = Q(ζ24).
§2. Integral basis
In this section, we determine an integral basis of any octic field Q(
√
mn,
√
dn,
√
d1m1n1`)
over Q.
Theorem 1. Let K be an octic field Q(
√
mn,
√
dn,
√
d1m1n1`) with d = d1d2, m =
m1m2, n = n1n2, mn ≡ 3, dn ≡ 2, d1m1n1` ≡ 1, d2 ≡ 2 (mod 4), d1, m1, n1 ≥ 1 and
dmn` is square free. Let DK be the field discriminant of the octic field K. Then we have
DK = 2
12(dmn`)4, and an integral basis of K is :
ZK = Z
[
1,
√
mn,
√
dn,
√
dm +
√
dn
2
,
1 +
√
d1m1n1`
2
,
√
mn +
√
d1m2n2`
2
,
√
dn +
√
d2m1n2`
2
,
√
dm +
√
dn + e1
√
d2m2n1` + e2
√
d2m1n2`
4
]
,
where ei = ±1 (i = 1, 2), e1 ≡ d1m1, e2 ≡ d1n1 (mod 4).
Proof. By Hasse’s conductor-discriminant formula, we have DK = Dk1Dk2 · · ·Dk7, where
Dkj is the field discriminant of the quadratic field kj, for k1 = Q(
√
mn ), k2 = Q(
√
dn ),
k3 = Q(
√
dm ), k4 = Q(
√
d1m1n1` ), k5 = Q(
√
d1m2n2` ), k6 = Q(
√
d2m1n2` ), k7 =
Q(
√
d2m2n1` ). Since Dk1 = 2
2mn, Dk2 = 2
2dn, Dk3 = 2
2d1m2n2`, Dk4 = d1m1n1`, Dk5 =
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22d1m2n2`, Dk6 = 2
2d2m1n2`, Dk7 = 2
2d2m2n1`, we have DK = 2
12(dmn`)4. Let G be the
Galois group of K/Q. Then G is generated by
〈
τ, σ, ρ :
√
mn
τ → −√mn,
√
dn
τ →
√
dn,
√
d1m1n1`
τ →
√
d1m1n1`,√
mn
σ →√mn,
√
dn
σ → −
√
dn,
√
d1m1n1`
σ →
√
d1m1n1`,√
mn
ρ →√mn,
√
dn
ρ →
√
dn,
√
d1m1n1`
ρ → −
√
d1m1n1`
〉
.
For the set of integers {αj}1≤j≤8, we define the discriminant ∆2[α1, · · · , α8 ] of {αj}1≤j≤8,
with respect to K/Q by the square of the determinant of the matrix


α1 α2 α3 α4 α5 α6 α7 α8
ατ1 α
τ
2 α
τ
3 α
τ
4 α
τ
5 α
τ
6 α
τ
7 α
τ
8
ασ1 α
σ
2 α
σ
3 α
σ
4 α
σ
5 α
σ
6 α
σ
7 α
σ
8
ατσ1 α
τσ
2 α
τσ
3 α
τσ
4 α
τσ
5 α
τσ
6 α
τσ
7 α
τσ
8
αρ1 α
ρ
2 α
ρ
3 α
ρ
4 α
ρ
5 α
ρ
6 α
ρ
7 α
ρ
8
ατρ1 α
τρ
2 α
τρ
3 α
τρ
4 α
τρ
5 α
τρ
6 α
τρ
7 α
τρ
8
ασρ1 α
σρ
2 α
σρ
3 α
σρ
4 α
σρ
5 α
σρ
6 α
σρ
7 α
σρ
8
ατσρ1 α
τσρ
2 α
τσρ
3 α
τσρ
4 α
τσρ
5 α
τσρ
6 α
τσρ
7 α
τσρ
8


.
If ∆2
[
α1, · · · , α8
]
= DK , then the set of integers {αj}1≤j≤8, generates an integral basis of
ZK , namely, ZK coincides with Z[α1, · · · , α8]. Let λ =
√
mn, µ =
√
dn, ν =
√
dm +
√
dn
2
,
β =
`0` +
√
`0`
2
for `0 = d1m1n1. Then
λβ
m1n1
=
d1`
√
mn +
√
d1m2n2`
2
∼
√
mn +
√
d1m2n2`
2
,
µβ
d1n1
=
m1`
√
dn +
√
d2m1n2`
2
∼
√
dn +
√
d2m1n2`
2
,
and
νβ =
`0`
√
dm + `0`
√
dn + d1m1
√
d2m2n1` + d1n1
√
d2m1n2`
4
∼
√
dm +
√
dn + e1
√
d2m2n1` + e2
√
d2m1n2`
4
,
where for γ, δ ∈ ZK , γ ∼ δ means that γ and δ are equal up to the difference of a known
integer in ZK and e1 = ±1 ≡ d1m1, e2 = ±1 ≡ d1n1 (mod 4). Put α1 = 1, α2 = λ, α3 = µ,
α4 = ν, α5 = β, α6 =
√
mn+
√
d1m2n1`
2
, α7 =
√
dn+
√
d2m1n2`
2
, α8 =
√
dm+
√
dn+e1
√
d2m2n1`+e2
√
d2m1n2`
2
.
Then we consider the subring ZK
′ = Z[α1, α2, α3, α4, α5, α6, α7, α8] of ZK . Then the dis-
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criminant of ∆2
[
α1, α2, α3, α4, α5, α6, α7, α8] is equal to
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 λ µ ν β
λβ
m1n1
µβ
d1n1
νβ
1 λτ µ ντ β
λτβ
m1n1
µβ
d1n1
ντβ
1 λ µσ νσ β
λβ
m1n1
µσβ
d1n1
νσβ
1 λτσ µσ ντσ β
λτβ
m1n1
µσβ
d1n1
ντσβ
1 λ µ ν βρ
λβρ
m1n1
µβρ
d1n1
νβρ
1 λτ µ ντ βρ
λτβρ
m1n1
µβρ
d1n1
ντβρ
1 λ µσ νσ βρ
λβρ
m1n1
µσβρ
d1n1
νσβρ
1 λτ µσ ντσ βρ
λτβρ
m1n1
µσβρ
d1n1
ντσβρ
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2
=
∣∣∣∣∣∣∣∣
1 λ µ ν
1 λτ µ ντ
1 λ µσ νσ
1 λτσ µσ ντσ
∣∣∣∣∣∣∣∣
2
×
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(β − βρ) λ(β − β
ρ)
m1n1
µ(β − βρ)
d1n1
ν(β − βρ)
(β − βρ) λ
τ (β − βρ)
m1n1
µ(β − βρ)
d1n1
ντ (β − βρ)
(β − βρ) λ(β − β
ρ)
m1n1
µσ(β − βρ)
d1n1
νσ(β − βρ)
(β − βσ) λ
τ (β − βρ)
m1n1
µσ(β − βρ)
d1n1
ντσ(β − βρ)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2
=
∣∣∣∣ 1 λ1 λτ
∣∣∣∣
2
×
∣∣∣∣ µ− µσ ν − νσµ− µσ ντ − ντσ
∣∣∣∣
2
×
∣∣∣∣∣∣∣
(β − βρ) λ(β − β
ρ)
m1n1
(β − βρ) λ
τ (β − βρ)
m1n1
∣∣∣∣∣∣∣
2
×
∣∣∣∣∣∣∣
(µ− µσ)(β − βρ)
d1n1
(ν − νσ)(β − βρ)
(µ− µσ)(β − βρ)
d1n1
(ντ − ντσ)(β − βρ)
∣∣∣∣∣∣∣
2
= (22mn)(22d2mn)(22d21mn`
2)(24d2m31m2n`
2)
= 212(dmn`)4.
Then the group index
(
ZK : ZK
′
)
= 1, namely, the set
{
1, λ, µ, ν, β,
λβ
m1n1
,
µβ
d1n1
, νβ
}
is
an integral basis of ZK .
Example 1. Let K be an octic field Q(
√
55,
√
210,
√
665) with d = d1d2 = 7 · 6, m =
m1m2 = 1·11, n = n1n2 = 5·1, ` = 19, mn ≡ 3, dn ≡ 2, d1m1n1` ≡ 1, d2 ≡ 2 (mod 4), d1, m1,
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n1 ≥ 1 and dmn` is square free. Let DK be the field discriminant of the octic field K. Then
we have DK = 2
16345474114194 = ∆2
[
1, λ, µ, ν, β,
λβ
m1n1
,
µβ
d1n1
, νβ
]
for λ =
√
55, µ =
√
210,
ν =
µ + λµ
2
, β =
665 +
√
665
2
and
λβ
m1n1
=
√
mn
m1n1
· `0` +
√
`0`
2
=
d1`
√
mn +
√
d1m2n2`
2
,
µβ
d1n1
=
√
dn · `0` +
√
`0`
2d1n1
=
m1`
√
dn +
√
d2m1n2`
2
, νβ =
(
√
210 +
√
210 · 665)(1 + √665)
4
=
(
√
210 +
√
462 + 7
√
6270 + 35
√
114)
4
. Furthermore,
ZK = Z
[
1, λ, µ, ν, β, λβ, µβ, νβ
]
= Z
[
1,
√
55,
√
210,
√
210 +
√
462
2
,
1 +
√
665
2
,
√
55 +
√
1463
2
,
√
210 +
√
114
2
,
√
210 +
√
462−√6270−√114
4
]
.
§3. Non-monogenic field for the case of d1m1n1 6= 1.
It is known that in the case of d1m1n1 = 1, the fields K are non-monogenic except for
the cyclotomic field Q(ζ24) of conductor 24 [Theorem 0]. In this section, we consider the
case of d1m1n1 6= 1 and we assume that K is monogenic.
Theorem 2. Let K = Q(
√
mn,
√
dn,
√
d1m1n1` ) be the real octic fields with d =
d1d2, m = m1m2, n = n1n2, mn ≡ 3, dn ≡ 2, d1m1n1` ≡ 1 (mod 4), min{2m2, `} >
2d2 > d1 > max{m1, n1, 2n2}, n1 > 1 and dmn` is square free. Then the fields K are
non-monogenic.
Proof. Let
ξ =b1
√
mn + b2
√
dn + b3
√
dm +
√
dn
2
+ b4
1 +
√
d1m1n1`
2
+ b5
√
mn +
√
d1m2n2`
2
+ b6
√
dn +
√
d2m1n2`
2
+ b7
√
dm +
√
dn + e1
√
d2m2n1` + e2
√
d2m1n2`
4
be a generator of a power integral basis of ZK . Now we calculate a factor (ξ− ξτ )(ξ− ξτ )σ
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of the discriminant dK/Q(ξ) = ∆
2
[
1, ξ, ξ2, ξ3, ξ4, ξ5, ξ6, ξ7
]
of a number ξ;
(ξ − ξτ)(ξ − ξτ )σ
=
{
(2b1 + b5)
√
mn +
(
b3 +
b7
2
)√
dm + b5
√
d1m2n2 +
b7e2
√
d2m2n1`
2
}
×
{
(2b1 + b5)
√
mn− (b3 + b7
2
)√
dm + b5
√
d1m2n2 − b7e2
√
d2m2n1`
2
}
=
{
(2b1 + b5)
√
mn + b5
√
d1m2n2l
}2
−
{(
b3 +
b7
2
)√
dm +
b7e2
√
d2m2n2`
2
}2
= (2b1 + b5)
2mn + b25d1m2n2` + 2(2b1 + b5)b5m2n2
√
d1m1n1`
− (b3 + b7
2
)2
dm− b
2
7e
2
2d2m2n1`
4
− (b3 + b7
2
)
b7e2d2m2
√
d1m1n1`
= (2b1 + b5)
2mn + b25d1m2n2`−
(
b3 +
b7
2
)2
dm− b
2
7e
2
2d2m2n1`
4
+
{
2(2b1b5 + b
2
5)m2n2 −
(
b3 +
b7
2
)
b7e2d2m2
}√
d1m1n1`
= (2b1 + b5)
2mn + b25d1m2n2`−
(
b3 +
b7
2
)2
dm− b
2
7e
2
2d2m2
4
−
{
2(2b1 + b5)b5m2n2 −
(
b3 +
b7
2
)
b7e2d2m2
}
+ 2
{
2(2b1 + b5)b5m2n2 −
(
b3 +
b7
2
)
b7e2d2m2
}
1 +
√
d1m1n1`
2
,
namely, this factor of ∆2
[
1, ξ, ξ2, ξ3, ξ4, ξ5, ξ6, ξ7
]
is an integer of the quadratic field k4 =
Q(
√
d1m1n1`) of the fixed field of the subgroup < τ, σ > in G. Then we denote it by
η41 = B + C
1 +
√
d1m1n1`
2
. Thus we obtain
B = (2b1 + b5)
2m1m2n + b
2
5d1m2n2`−
(
b3 +
b7
2
)2
d1d2m1m2 − b
2
7d2m2
4
−
{
2(2b1 + b5)b5m2n2 −
(
b3 +
b7
2
)
b7e2d2m2
}
≡ b25m2 + b25m2 −
b27d2m2
4
− b
2
7d2m2
4
+
b27e2d2m2
2
≡ 0 (mod 2m2),
C = 2
{
2(2b1 + b5)b5m2n2 − (b3b7e2d2m2 + b27e2d2m2)
} ≡ 0 (mod 2m2).
So we can write η41 = (ξ−ξτ )(ξ−ξτ)σ = 2m2E4 for an integer E4 = B4 + C41 +
√
d1m1n1`
2
in k4.
Similarly, we have
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η11 = (ξ − ξσ)(ξ − ξσ)ρ = 2d2E1, E1 ∈ Zk1 ,
η12 = (ξ − ξρ)(ξ − ξρ)σ = `E2, E2 ∈ Zk1 ,
η13 = (ξ − ξσρ)(ξ − ξσρ)ρ = d1E3, E3 ∈ Zk1,
η14 = (ξ − ξσρ)(ξ − ξσρ)σ = d1E ′3, E ′3 = −E3 ∈ Zk1,
η21 = (ξ − ξτ )(ξ − ξτ)ρ = 2m2E4, E4 ∈ Zk2 ,
η22 = (ξ − ξρ)(ξ − ξρ)τ = `E5, E5 ∈ Zk2 ,
η23 = (ξ − ξτρ)(ξ − ξτρ)τ = m1E6, E6 ∈ Zk2 ,
η24 = (ξ − ξρ)(ξ − ξρ)τρ = `E ′5, E ′5 = −E5 ∈ Zk2,
η31 = (ξ − ξρ)(ξ − ξρ)τσ = `E7, E7 ∈ Zk3 ,
η32 = (ξ − ξτσ)(ξ − ξτσ)ρ = 2n2E8, E8 ∈ Zk3,
η33 = (ξ − ξτσρ)(ξ − ξτσρ)ρ = n1E9, E9 ∈ Zk3 ,
η34 = (ξ − ξτσ)(ξ − ξτσ)τσρ = 2n2E ′8, E ′8 = −E8 ∈ Zk3 ,
η41 = (ξ − ξτ)(ξ − ξτ )σ = 2m2E10, E10 ∈ Zk4,
η42 = (ξ − ξσ)(ξ − ξσ)τ = 2d2E11, E11 ∈ Zk4,
η43 = (ξ − ξτσ)(ξ − ξτσ)σ = 2n2E12, E12 ∈ Zk4,
η44 = (ξ − ξσ)(ξ − ξσ)τσ = 2d2E ′11, E ′11 = −E11 ∈ Zk4,
η51 = (ξ − ξτρ)(ξ − ξτρ)σ = m1E13, E13 ∈ Zk5,
η52 = (ξ − ξσ)(ξ − ξσ)τρ = 2d2E14, E14 ∈ Zk5,
η53 = (ξ − ξτσρ)(ξ − ξτσρ)σ = n1E15, E15 ∈ Zk5,
η54 = (ξ − ξτσρ)(ξ − ξτσρ)τρ = n1E ′15, E ′15 = −E15 ∈ Zk5 ,
η61 = (ξ − ξτ)(ξ − ξτ )σρ = 2m2E16, E16 ∈ Zk6,
η62 = (ξ − ξσρ)(ξ − ξσρ)τ = d1E17, E17 ∈ Zk6 ,
η63 = (ξ − ξτσρ)(ξ − ξτσρ)τ = n1E18, E18 ∈ Zk6,
η64 = (ξ − ξτ )(ξ − ξτ)τσρ = 2m2E ′16, E ′16 = −E16 ∈ Zk6 ,
η71 = (ξ − ξτρ)(ξ − ξτρ)τσ = m1E19, E19 ∈ Zk7,
η72 = (ξ − ξτσ)(ξ − ξτσ)τρ = 2n2E20, E20 ∈ Zk7,
η73 = (ξ − ξσρ)(ξ − ξσρ)τρ = d1E21, E21 ∈ Zk7 ,
η74 = (ξ − ξτρ)(ξ − ξτρ)σρ = m1E ′19, E ′19 = −E19 ∈ Zk7 .
Let d(ξ) be the different (ξ − ξτ)(ξ − ξσ)(ξ − ξτσ)(ξ − ξρ)(ξ − ξτρ)(ξ − ξσρ)(ξ − ξτσρ)
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of a number ξ with respect to K/Q. Since the discriminant dK/Q(ξ) of a number ξ is the
norm of the different d(ξ) of ξ up to the sign,
± dK/Q(ξ)
= NK/Q
(
d(ξ))
)
= d(ξ)d(ξ)τd(ξ)σd(ξ)τσd(ξ)ρd(ξ)τρd(ξ)σρd(ξ)τσρ
= (ξ − ξτ )(ξ − ξσ)(ξ − ξτσ)(ξ − ξρ)(ξ − ξτρ)(ξ − ξσρ)(ξ − ξτσρ)
× (ξτ − ξ)(ξτ − ξτσ)(ξτ − ξσ)(ξτ − ξτρ)(ξτ − ξρ)(ξτ − ξτσρ)(ξτ − ξσρ)
× (ξσ − ξτσ)(ξσ − ξ)(ξσ − ξτ )(ξσ − ξσρ)(ξσ − ξτσρ)(ξσ − ξρ)(ξσ − ξτρ)
× (ξτσ − ξσ)(ξτσ − ξτ)(ξτσ − ξ)(ξτσ − ξτσρ)(ξτσ − ξσρ)(ξτσ − ξτρ)(ξτσ − ξρ)
× (ξρ − ξτρ)(ξρ − ξσρ)(ξρ − ξτσρ)(ξρ − ξ)(ξρ − ξτ )(ξρ − ξσ)(ξρ − ξτσ)
× (ξτρ − ξρ)(ξτρ − ξτσρ)(ξτρ − ξσρ)(ξτρ − ξτ)(ξτρ − ξ)(ξτρ − ξτσ)(ξτρ − ξσ)
× (ξσρ − ξτσρ)(ξσρ − ξρ)(ξσρ − ξτρ)(ξσρ − ξσ)(ξσρ − ξτσ)(ξσρ − ξ)(ξσρ − ξτ)
× (ξτσρ − ξσρ)(ξτσρ − ξτρ)(ξτσρ − ξρ)(ξτσρ − ξτσ)(ξτσρ − ξσ)(ξτσρ − ξτ )(ξτσρ − ξ)
= ±(ξ − ξσ)(ξ − ξσ)ρ · (ξ − ξρ)(ξ − ξρ)σ · (ξ − ξσρ)(ξ − ξσρ)ρ · (ξ − ξσρ)(ξ − ξσρ)σ
× (ξ − ξτ)(ξ − ξτ )ρ · (ξ − ξρ)(ξ − ξρ)τ · (ξ − ξτρ)(ξ − ξτρ)τ · (ξ − ξρ)σ(ξ − ξρ)τρ
× (ξ − ξρ)τσρ(ξ − ξρ)τσ · (ξ − ξτσ)(ξ − ξτσ)ρ · (ξ − ξτσρ)(ξ − ξτσρ)ρ · (ξ − ξτσ)(ξ − ξτσ)τσρ
× (ξ − ξτ)(ξ − ξτ )σ · (ξ − ξσ)(ξ − ξσ)τ · (ξ − ξτσ)τ (ξ − ξτσ)σ · (ξ − ξσ)ρ(ξ − ξσ)τσ
× (ξ − ξτρ)σ(ξ − ξτρ) · (ξ − ξσ)τσρ(ξ − ξσ)τρ · (ξ − ξτσρ)τσρ(ξ − ξτσρ)σ
× (ξ − ξτσρ)σρ(ξ − ξτρσ)τρ · (ξ − ξτ)σ(ξ − ξτ )σρ · (ξ − ξσρ)τσρ(ξ − ξσρ)τ
× (ξ − ξτσρ)ρ(ξ − ξτσρ)τ · (ξ − ξτ )ρ(ξ − ξτ )τσρ · (ξ − ξτρ)τσρ(ξ − ξτρ)τσ
× (ξ − ξτσ)σρ(ξ − ξτσ)τρ · (ξ − ξσρ)τσ(ξ − ξσρ)τρ · (ξ − ξτρ)ρ(ξ − ξτρ)σρ
= ±2d2 · ` · d1 · d1 × 2m2 · ` ·m1 · `× ` · 2n2 · n1 · 2n2
× 2m2 · 2d2 · 2n2 · 2d2 ×m1 · 2d2 · n1 × n1 · 2m2 · d1 × n1 · 2m2 ·m1
× 2n2 · d1 ·m1


21∏
i=1,
i6=3,5,8,11,15,16,19
Ei


( ∏
j=3,5,8,11,15,16,19
E2j
)
= ±212d4m4n4`4


21∏
i=1,
i6=3,5,8,11,15,16,19
Ei


( ∏
j=3,5,8,11,15,16,19
E2j
)
must hold with units Ei (1 ≤ i ≤ 21) in kq(i), where i = 3(q(i)− 1) + r(i), 0 ≤ r(i) ≤ 2.
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Because by the assumption K is monogenic , we have
dK/Q(ξ) = ±NK
(
d(ξ)
)
= DK ,
where NK(α) means the norm of a number α with respect to K/Q. Now, we obtain the
identity
η41 − η42 − η43 = (ξ − ξτ)(ξ − ξτ )σ − (ξ − ξσ)(ξ − ξσ)τ − (ξ − ξτσ)(ξ − ξτσ)σ = 0,
for η41 = (ξ− ξτ)(ξ− ξτ )σ, η42 = (ξ− ξσ)(ξ− ξσ)τ and η43 = (ξ− ξτσ)(ξ− ξτσ)σ. Then we
have
2m2E4 − 2d2E5 − 2n2E6 = 0 in k4 = Q(
√
d1m1n1`)
with certain units Ej in k4 (4 ≤ j ≤ 6). In the same way, we obtain seven equations
corresponding to each of the seven quadratic subfields kj of K.
Proposition 1. If K = Q(
√
mn,
√
dn,
√
d1m1n1` ) is monogenic, then the following
simultaneous equations hold:
(1) `E11 + 2d2E12 + d1E13 = 0 in k1 = Q(
√
mn) = Q(
√
m1m2n1n2),
(2) `E21 + 2m2E22 + m1E23 = 0 in k2 = Q(
√
dn) = Q(
√
d1d2n1n2),
(3) `E31 + 2n2E32 + n1E33 = 0 in k3 = Q(
√
dm) = Q(
√
d1d2m1m2),
(4) 2d2E41 + 2m2E42 + 2n2E43 = 0 in k4 = Q(
√
d1m1n1` ),
(5) 2d2E51 + m1E52 + n1E53 = 0 in k5 = Q(
√
d1m2n2` ),
(6) d1E61 + 2m2E62 + n1E63 = 0 in k6 = Q(
√
d2m1n2` ),
(7) d1E71 + m1E72 + 2n2E73 = 0 in k7 = Q(
√
d2m2n1` ),
where each Eij is a unit in the corresponding quadratic subfield of K, respectively.
In the case of a real quadratic field, the following Lemma holds;
Lemma 2. Let Ej be a power ε
j =
uj+vj
√
D
2
of the fundamental unit ε0 =
u+v
√
D
2
> 1 in
a quadratic field Q(
√
D ) and α = αγ for α in Q(
√
D) and γ(6= I ) in Gal(Q(√D)/Q).
Let {
a + bε2 + cε3 = 0,
a + bε2 + cε3 = 0
(∗)
for ε2 = Ej , ε3 = Ek and abc 6= 0. Denote the matrix(
1 ε2 ε3
1 ε2 ε3
)
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attached to the the equation (∗) by A and the rank of A by rD. Then we have a solution
(a, b, c) of rational integers;

a± b± c = 0 for rD = 1,
a
2(ukvj − ujvk) =
b
vk
=
c
−vj for rD = 2,
with εi =
ui + vi
√
D
2
.
Proof. First we consider the case of rD = 1, then we have

ε2 = ε
j =
uj + vj
√
D
2
,
ε2 = εj =
uj − vj
√
D
2
.
Since each of ε2, ε2 is a real number, we have ε2 = uj = ±1, and ε3 = uk = ±1, hence
a± b± c = 0. Secondly, we assume rD = 2. Then we have
a : b : c =
∣∣∣∣ ε2 ε3ε2 ε3
∣∣∣∣ :
∣∣∣∣ ε3 1ε3 1
∣∣∣∣ :
∣∣∣∣ 1 ε21 ε2
∣∣∣∣ = 2(ukvj − ujvk) : vk : −vj .
Hence
a
2(ukvj − ujvk) =
b
vk
=
c
−vj .
From now on, we assume that min{2m2, `} > 2d2 > d1 > max{m1, n1, 2n2}, n1 > 1.
Then we use the following four equations by proposition 1:
(1) ` + 2d2ε2 + d1ε3 = 0 in k1 = Q(
√
m1m2n1n2),
(3) ` + n1ε2 + 2n2ε3 = 0 in k3 = Q(
√
d1d2m1m2),
(5) m1 + 2d2ε2 + n1ε3 = 0 in k5 = Q(
√
d1m2n2`),
(7) 2n2 + d1ε2 + m1ε3 = 0 in k7 = Q(
√
d2m2n1`).
First for the rank of the above four equations we prove that
rmn = rdm = rd1m2n2` = rd2m2n1` = 1.
Case (i) Nk5ε0 = 1 for the fundamental unit ε0 = u + v
√
d1m2n2` =
2u + 2v
√
d1m2n2`
2
of k5 = Q(
√
d1m2n2`).
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We consider the equation (5) m1 + 2d2ε2 + n1ε3 = 0. We assume that rd1m2n2` = 2. Then
we have
m1 : 2d2 : n1 = ukvj − ujvk : vk : −vj
for ε2 = uj + vj
√
d1m2n2` =
2uj + 2vj
√
d1m2n2`
2
= −ε0j , ε3 = uk + vk
√
d1m2n2` =
2uk + 2vk
√
d1m2n2`
2
= ε0
k, k > j > 0, vj < 0. By the assumption 2d2 > n1, the inequality
k > j > 0 holds. Then
ε0
k ≥ ε0jε0 = (|uj|u + |vj |vd1m2n2`) + (|uj|v + |vj|u)
√
d1m2n2`.
Since Nk5ε0 = u
2 − v2d1m2n2` = 1 and Nk5ε2 = uj2 − vj2d1m2n2` = 1, we have
u > v
√
d1m2n2` and |uj| > |vj|
√
d1m2n2`. Therefore
vk ≥ |uj|v + |vj|u > 2|vj|v
√
d1m2n2`.
Hence
2d2 >
2d2
n1
=
vk
−vj =
vk
|vj| ≥
2|vj|v
√
d1m2n2`
|vj| ≥ 2
√
d1m2n2` =
√
d1 · 2m2 · 2n2 · `
>
√
d1 · 2d2 · 2n2 · 2d2 > 2d2.
This is a contradiction.
Next, assume that Nk5ε0 = −1 for the unit ε0 = u + v
√
d1m2n2` of k5.
We consider the equation (5) m1 + 2d2ε2 + n1ε3 = 0. We assume that rd1m2n2` = 2. Then
we have
m1 : 2d2 : n1 = ukvj − ujvk : vk : −vj
for ε2 = uj + vj
√
d1m2n2` = −ε0j , ε3 = uk + vk
√
d1m2n2` = ε0
k, k > j > 0, vj < 0. By the
assumption 2d2 > n1, the inequality k > j > 0 holds. Then
ε0
k ≥ ε0jε0 = (|uj|u + |vj |vd1m2n2`) + (|uj|v + |vj|u)
√
d1m2n2`.
Since Nk5ε0 = u
2 − v2d1m2n2` = −1 and Nk5ε2 = uj2 − vj2d1m2n2` = −1, we have
u > v
√
(d1m2n2`)/2 and |uj| > |vj|
√
(d1m2n2`)/2. Therefore
vk ≥ |uj|v + |vj|u > |vj|v
√
2d1m2n2`.
Hence
2d2 >
2d2
n1
=
vk
−vj =
vk
|vj | ≥
|vj |v
√
2d1m2n2`
|vj | ≥
√
2d1m2n2` =
√
d1 · 2m2 · n2 · `
>
√
d1 · 2d2 · n2 · 2d2 > 2d2
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This is a contradiction. Then we get rd1m2n2` = 1 and 2d2 = m1 + n1.
Case (ii) Nk7ε0 = 1 for the fundamental unit ε0 = u+v
√
d2m2n1` of k7 = Q(
√
d2m2n1`).
We consider the equation (7) 2n2 + d1ε2 + m1ε3 = 0. We assume that rd2m2n1` = 2. Then
we have
2n2 : d1 : m1 = ukvj − ujvk : vk : −vj
for ε2 = uj + vj
√
d2m2n1` = −ε0j, ε3 = uk + vk
√
d2m2` = ε0
k, k > j > 0, vj < 0. By the
assumption d1 > m1, the inequality k > j > 0 holds. Then
ε0
k ≥ ε0jε0 = (|uj|u + |vj |vd2m2n1`) + (|uj|v + |vj|u)
√
d2m2n1`.
Since Nk7ε0 = u
2 − v2d2m2n1` = 1 and Nk7ε2 = uj2 − vj2d2m2n1` = 1, we have
u > v
√
d2m2n1` and |uj| > |vj|
√
d2m2n1`. Therefore
vk ≥ |uj|v + |vj|u > 2|vj|v
√
d2m2n1`.
Hence
d1 ≥ d1
m1
=
vk
−vj =
vk
|vj | ≥
2|vj|v
√
d2m2n1`
|vj | ≥ 2
√
d2m2n1` =
√
2d2 · 2m2 · n1 · `
>
√
2d2 · d1 · n1 · d1 > d1.
This is a contradiction.
Next, assume that Nk7ε0 = −1 for the unit ε0 = u + v
√
d2m2n1` of k7.
We consider the equation (7) 2n2 + d1ε2 + m1ε3 = 0. We assume that rd2m2n1` = 2. Then
we have
2n2 : d1 : m1 = ukvj − ujvk : vk : −vj
for ε2 = uj + vj
√
d2m2n1` = −ε0j , ε3 = uk + vk
√
d2m2n1` = ε0
k, k > j > 0, vj < 0. By the
assumption d1 > m1, the inequality k > j > 0 holds. Then
ε0
k ≥ ε0jε0 = (|uj|u + |vj |vd2m2n1`) + (|uj|v + |vj|u)
√
d2m2n1`.
Since Nk7ε0 = u
2 − v2d2m2n1` = −1 and Nk7ε2 = uj2 − vj2d2m2n1` = −1, we have
u > v
√
(d2m2n1`)/2 and |uj| > |vj|
√
(d2m2n1`)/2. Therefore
vk ≥ |uj|v + |vj|u > |vj|v
√
2d2m2n1`.
Hence
d1 ≥ d1
m1
=
vk
−vj =
vk
|vj| ≥
|vj |v
√
2d2m2n1`
|vj | ≥
√
2d2m2n1` >
√
d1 ·m2 · n1 · d1 > d1.
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This is a contradiction. Then we obtain rd2m2n1` = 1 and d1 = m1 + 2n2.
Case (iii) Nk3ε0 = 1 for the fundamental unit ε0 = u + v
√
dm of k3 = Q(
√
dm).
We consider the equation (3) ` + n1ε2 + 2n2ε3 = 0. We assume that rdm = 2. Then we
have
` : n1 : 2n2 = ukvj − ujvk : vk : −vj
for ε2 = uj+vj
√
dm = −ε0j, ε3 = uk+vk
√
dm = ε0
k, k > j > 0, vj < 0. By the assumption
n1 > 2n2, the inequality k > j > 0 holds. Then
ε0
k ≥ ε0jε0 = (|uj|u + |vj |vdm) + (|uj|v + |vj |u)
√
dm.
Since Nk3ε0 = u
2 − v2dm = 1 and Nk3ε2 = uj2 − vj2dm = 1, we have u > v
√
dm and
|uj| > |vj|
√
dm. Therefore
vk ≥ |uj|v + |vj|u > 2|vj|v
√
dm.
Hence
n1 >
n1
2n2
=
vk
−vj =
vk
|vj| ≥
2|vj|v
√
dm
|vj| ≥ 2
√
dm =
√
d1 · 2d2 ·m1 · 2m2
>
√
d1 · n1 ·m1 · n1 > n1.
This is a contradiction.
Next, assume that Nk3ε0 = −1 for the unit ε0 = u + v
√
dm of k3.
We consider the equation (3) ` + n1ε2 + 2n2ε3 = 0. We assume that rdm = 2. Then we
have
` : n1 : 2n2 = ukvj − ujvk : vk : −vj
for ε2 = uj+vj
√
dm = −ε0j, ε3 = uk+vk
√
dm = ε0
k, k > j > 0, vj < 0. By the assumption
n1 > 2n2, the inequality k > j > 0 holds. Then
ε0
k ≥ ε0jε0 = (|uj|u + |vj |vdm) + (|uj|v + |vj |u)
√
dm.
Since Nk3ε0 = u
2 − v2dm = −1 and Nk3ε2 = uj2 − vj2dm = −1, we have u > v
√
(dm)/2
and |uj| > |vj |
√
(dm)/2. Therefore
vk ≥ |uj|v + |vj|u > |vj|v
√
2dm.
Hence
n1 >
n1
2n2
=
vk
−vj =
vk
|vj | ≥
|vj|v
√
2dm
|vj | ≥
√
2dm =
√
d1 · 2d2 ·m > √n1 · n1 ·m > n1.
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This is a contradiction. Then we have rdm = 1 and ` = n1 + 2n2.
Case (iv) Nk1ε0 = 1 for the fundamental unit ε0 = u+v
√
mn of k1 = Q(
√
m1m2n1n2).
We consider the equation (1) ` + 2d2ε2 + d1ε3 = 0. We assume that rmn = 2. Then we
have
` : 2d2 : d1 = ukvj − ujvk : vk : −vj
for ε2 = uj + vj
√
mn = −ε0j, ε3 = uk + vk
√
mn = ε0
k, k > j > 0, vj < 0. By the
assumption 2d2 > d1, the inequality k > j > 0 holds. Then
ε0
k ≥ ε0jε0 = (|uj|u + |vj|vmn) + (|uj|v + |vj |u)
√
mn.
Since Nk1ε0 = u
2 − v2mn = 1 and Nk1ε2 = uj2 − vj2mn = 1, we have u > v
√
mn and
|uj| > |vj|
√
mn. Therefore
vk ≥ |uj|v + |vj |u > 2|vj|v
√
mn.
Hence
2d2 >
2d2
d1
=
vk
−vj =
vk
|vj| ≥
2|vj|v
√
mn
|vj| ≥
√
4mn =
√
m1 · 2m2 · n1 · 2n2
>
√
2d2 · 2d2 · 2n2 > 2d2.
This is a contradiction. Here m1n1− (m1 +n1)+1 = (m1−1)(n1−1) ≥ 0 holds. Thus we
have m1n1 ≥ (m1 + n1)− 1 > (m1 + n1)/2 = d2. Then we get rmn = 1 and ` = 2d2 + d1.
Finally by virture of mn ≡ 3 (mod 4), there exists a prime factor q of mn such that
q ≡ 3 (mod 4). Then by the first supplementary law of the reciprocity law for quadratic
residues, Nk1ε0 = −1 is impossible. Therefore by the assumption
min{2m2, `} > 2d2 > d1 > max{m1, n1, 2n2}, n1 > 1
we can deduce that (1′) ` = 2d2 + d1, (5′) 2d2 = m1 + n1, and (7′) d1 = m1 + 2n2. Then
` = 2m1 + (n1 + 2n2), which contradicts to (3
′) ` = n1 + 2n2. Therefore we have proved
Theorem 2.
Remark 1. By Theorem 2, we can conform that the octic field
K = Q(
√
1 · 11 · 5 · 1,
√
7 · 6 · 5 · 1,
√
7 · 1 · 5 · 19)
in Example 1 does not have any integral power basis.
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For any real octic field
K = Q(
√
mn,
√
dn,
√
d1m1n1`),
with d = d1d2, m = m1m2, n = n1n2, mn ≡ 3, dn ≡ 2, d1m1n1` ≡ 1 (mod 4) and dmn` is
square free, it seems that such a field K is non-monogenic, considering Theorem 2 as a
prototype which exceeds Theorem 0.
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